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(3, 4) In order that the third possibility be satisfied, a a and a 3 must 
both be equal to 0, and these are the only values of an and a 3 which will also 
satisfy the fourth possibility. 

Also solved by G. B. M. Zerr. 



NUMBER THEORY AND DIOPHANTINE ANALYSIS. 

120. Proposed by L. E. DICKSON, Ph. D.. The University of Chicago. 

Find the prime numbers p for which x' 2 — pxz— px— z+p* — 3=0 has 
more than two sets of positive integral solutions x, z, each <p. 

Solution by H. S. VANDIVER, Bala, Pa. 

About the time this problem was originally proposed, Professor Dick- 
son wrote to me that he encountered it in determining those factors 
of (p*— l) 2 which are of the form 1+px, p prime. It will first be shown 
that the latter problem is equivalent to finding all the integers p, x, and z 
(p a prime) which satisfy 

x s — pxz— px— z 4 p 2 — 3=0... (1) . 

Let (p s —l) 1 =(l+px)(l+py), where x and y are positive integers. 
Expanding and dividing by p, 

p s — 2p=x+y+pxy. 

Hence there is necessarily an integer z>0, such that x + y=pz. By substi- 
tution and division by p, 

z(px + l)=x 2 +p*-2. 

Setting 2+1 for z we obtain (1), and the two problems are equivalent. 
Solving (1) for p, 

2p=x(z+l) ±i/|> 2 (z+3) (2-1)4-4(2+3)]. 

For this to hold, there is necessarily a positive integer « such that 

X 2 (2+3) (2-1) 44(2+3) =« 2 , 

subject to the condition that x{z+l) ±<* be double a prime. 

Putting 2+3=v, « 2 — vx 2 (v—4) =4v. 

Let v=k 2 u, where u is an integer not divisible by a square other than 
unity, then 

tt/? 2 -a; 2 (fc 2 tt-4)=4....(2), 

where P—a/hu, necessarily an integer. 

The preceding analysis shows that (1) is soluble only for cases in which 
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(2) is soluble. It will suffice then to indicate a method leading to the com- 
plete solution of (2). 

Regard u and k in (2) as fixed, and consider the relation as the rep- 
resentation of the integer 4 by a quadratic form in P and x, with coefficients 
u and k 2 u— 4. Consider the case where the determinant is of the form 
k % u* — 4u>4 2 . Then all the solutions of (2) can be obtained by using the 
theorem given in Serret's Cours D'Algebre Supirieure (Vol. I, p. 80) . Sup- 
pose, first, that u and k are both odd; then the continued fraction to be con- 
sidered is: 
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fc2 — = [fc~l; 1, u'-l, 2, v'-l, 1, 2(ku-l), 
1, v'-l, 2, u'-l, 1, 2(fc-l);l,...], 



where ku= 2w'4 1, k—2v'+X, k>4. (As a check, note that the period is re- 
versible, 2(ku-l) being the middle term). If u is divisible by 2 but not by 
4, and if k is odd, (2) reduces to the form 

tP 2 -x i (kH-2)=2, where u=2t, t not congruent to (mod 2), 

and the development is 
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fc ** 2 =[fc-l; 1, kt-2, 1, 2(fc-l); 1, ...] (kt>2). 



t 
If w =4<s, and k is odd or even, then (2) becomes 

s,9 2 -a; 2 (fc 2 s-l)=l...(3), 
and the fraction is 
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Fs _l=[fc-l ; l, 2(fe-l), 1, 2(&-l); 1, ...] (ks>l). 



If A; is even (2) reduces to the type (3), u arbitrary. For the few 
numerical values of k and u satisfying & 8 tt 2 — 4«<4 2 , the Gaussian theory 
of quadratic forms may be used. The other exceptional cases of k ^4, kt ^ 2, 
ks=l, may be disposed of without difficulty. As an example, applying the 
Serret theorem to (2) for u and k odd, the development of V[(k 2 u— 4)/u] 
shows that the third and' eleventh complete quotients are the only ones in the 
period having the denominator 4. Put k=5, u=S, in (2), then using the 
convergent immediately preceding the eleventh quotient, 

/S/a!=(-4, 1, 6, 2, 1, 1, 28, 1, 1, 2) =W*¥-, 

and we may verify that 3 x 26275 2 -71 X 5401 2 =-4. 



